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Abstract. We study the concept of projectability by the Legendre transformation FL: TQ »
T*Q induced by a singular Lagrangian, and the restrictions on this concept when submani-
folds of TQ are considered. The FL projectability of the characteristic vector fields and
constraint functions relative to such a submanifold is analysed, thus giving a way of
characterising the submanifolds of TQ according to their behaviour under FL, by means
of the study of the tangency of the fields belonging to ker FL,. The application of some
of the results to the theory of constrained systems is discussed.

1. Introduction

The study of constrained dynamical systems has been a matter of increasing interest
in recent years. Many authors have contributed to the development of the Hamiltonian
formalism for such systems [1-3]. Nevertheless, some of the most significant advances
have been made recently in the analysis of the Lagrangian formalism, as well as in
the equivalence between both formulations [4-7]. The essential feature to be pointed
out in this formalism is the singular character of the Lagrangian function.

One of the main consequences of this property of the Lagrangian is that the Legendre
transformation (fibre derivative of the Lagrangian, FL, in geometrical language [8])
is not a diffeomorphism. Inthese cases, to prove the equivalence with the corresponding
Hamiltonian formulation is not an easy task, but this problem has already been solved
[4,7]. Another question is that some Lagrangian p-forms or vector fields have no
Hamiltonian counterpart. This ‘FL projectability’ question arises, for instance, when
constraint algorithms for the Lagrangian equations of motion are studied. In these
cases, some constraints having no Hamiltonian counterpart appear [7]. Although the
mathematical origin of this kind of constraint function is known [9], the role they play
in the geometrical structure of the Lagrangian systems is still under investigation [10].

The aim of this paper is to contribute to this investigation, by studying the projecta-
bility of tensorial objects by FL. In order to apply it to the constraint algorithms, we
pay special attention to investigate it in relation to submanifolds of the tangent bundle
TQ, where the Lagrangian formalism is developed (§ 2). We also study the behaviour
of typical vector fields in these submanifoids under the action of FL,, (§ 3), as well as
the geometrical meaning of the presence of non-FL-projectable constraints (§ 4).
Finally, the constraint algorithms are studied in this framework (§ 5).
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2. The concept of projectability by the Legendre transformation

The Lagrangian formulation of mechanics is performed geometrically in the tangent
bundle TQ of a differential manifold Q (configuration space). Given a function
Le A%(TQ) we construct the Lagrange 2-form w, € A*(TQ) and the energy function
E, € A°(TQ), which allows us to write the Lagrangian equations of motion in the form

i(X)w,—dE, =0 (1)

(i( X, )w, denotes the contraction of the vector field X; with the form w,). The function
L is called the Lagrangian function and (7TQ, w,, E,) is its associated Lagrangian
system [11, 12] (the only condition for L to be a good function to describe the dynamics
is that rank w, be constant on TQ, locally at least, and we assume that this is so).

It is well known that, given a Lagrangian function L, the connection between the
Lagrangian and Hamiltonian formalisms is performed by the fibre derivative of L,
FL:TQ - T*Q, which is usually called the Legendre transformation. We can also note
that the only case in which FL is a local or global diffeomorphism corresponds to the
so-called regular or hyperregular Lagrangians (w, is a symplectic form), and the fact
that FL is not a diffeomorphism is equivalent to L being a degenerate or singular
Lagrangian function and o, being presymplectic. In this last case we will assume FL
to be a submersion from TQ onto its image and the fibres FL™'(FL(x)), Yxe TQ, to
be connected submanifolds of TQ. Systems verifying these conditions are called almost
Lagrangian systems [4], and it also can be proved that these assumptions are sufficient
conditions for a degenerate Lagrangian system to have an equivalent Hamiltonian
formulation [4].

When we deal with regular Lagrangian systems, FL is a diffeomorphism and so
are the induced maps FL, and FL*; therefore every vector field or p-form in TQ has
a similar counterpart in T*Q. If the Lagrangian system is singular this is not always
true because FL is not a diffeomorphism. Locally, this means that it is not possible
to isolate all the coordinates (v') of a local chart in TQ as functions of the natural
symplectic coordinates (g', p,) of T*Q. Therefore, any magnitude in TQ having explicit
dependence on these coordinates does not have a canonical expression in T*Q. Due
to this, we make the following definition.

Definition 2.1. (a) A function fe A’(TQ) (resp a differential p-form a € AP(TQ)) is
said to be FL projectable iff 3f"e A°(T*Q) such that FL*f' =f (resp 3a’€ A°(T*Q)
such that FL*a' = a).

(b) A vector field X € Z(TQ) is said to be FL projectable iff 3X'e (T*Q) such
that FL, X = X'. This is equivalent to the following statement: 3X'e Z(T*Q) such
that X(FL*f")= FL*(X'(f")), V'€ A°(T*Q); and then X'= FL_X.

Notice that definition (b) is also equivalent to demanding that for every FL-projectable
function f or p-form a, X (f) and £(X )« (Lie derivative) are a FL-projectable function
or p-form, respectively. We introduce the notation A°(TQ) ., A’(TQ) g, and Z(TQ) s,
to denote the sets of FL-projectable functions, p-forms and vector fields, respectively.

It is also easy to prove that if X, X;e Z(TQ)g., then [X,, X,]€ X(TQ)Fr and
FL.[X,, X,]=[FL.X,, FL,X;].

Consider now the submanifold M,= FL(TQ) (which in the Hamiltonian formalism
is called the primary constraint submanifold) and its embedding jj: My— T*Q. Let
FL,: TQ-> M, be the submersion implicitly defined by FL=j o FL,. Then, if
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0( T*Q, M,) denotes the ideal of functions in 7*Q vanishing on M,, since FL*f" =
FL¥j5*f, Vf'e A°(T*Q), it is evident that FL*f"=0 if and only if f"€ CUAT*Q, M,).
Hence, VX € Z(TQ) . and V¢'e C(T*Q, M,), we have

0= X(FL*{")= FL*(FLyX({")) = FL§jg*(X"({")) =jo*(X'({) =0

and so X' eX(M)={Y'eZ(T*Q) tangent to M,}. Thus it is easy to prove the
following.

Proposition 2.2. (i) f € A°(TQ) g, if and only if 3f e A°(M,) such that f = FL¥f}. Then
any f" = fi+{'e A°(T*Q) (where £} is an extension of fyto T*Q and {'€ C*(T*Q, M,))
verifies FL*f ={.

(i) XeZ(TQ)r if and only if 3X4ie Z(M,) such that FL, X =X; or,
equivalently, 3X,e Z(M,) such that X (FLEf)= FL¥ (X5(f})), Vfbe A°(M,) (and
then X{= FLy,X).

A characterisation of the vector fields belonging to ker FL, is performed by means of
the FL-projectable functions, by saying that I"eker FL, if and only if I'(f)=0,
Vfe A°(TQ)s.. Nevertheless, it is more interesting in the converse sense, i.e. to check
the character in relation to the FL projectability of functions, p-forms and vector fields.
Thus, taking into account the comments in the appendix and known results from the
theory of reduction [8, 13] one can prove the following.

Theorem 2.3. (i) fe A%(TQ)r. (resp a € AP(TQ)r,) if and only if f (resp a) is 7,
projectable or, equivalently, I'(f) =0 (resp £(I')a =0), VI'eker FL,.

(ii) X e X(TQ)g, if and only if X is 7, projectable or, equivalently, [I', X]e
ker FL,, VI € ker FL,.

An interesting property arising from the last result is that one can also find a local
basis of #(TQ) made up of vector fields (I',, Y,), where (I',) is a local basis of
ker FL, and (Y, )€ Z(TQ)r. (and hence (7., Y, ) is a local basis of Z(%,) on its turn).
Therefore, any vector field X € £(TQ) may be written as X =f*I', +f°Y, with f*,
f*e A%(TQ)f. and the necessary and sufficient condition for X € (TQ)f, is f* €
A%TQ) g, since

(T, X1=U(f“)r, +f [, T 1+T(f ) Y. +f°[[, Y,]eker FL,&T(f*)=0.

Since we have in mind applications to the constraint theory, we consider now a
submanifold js: S— TQ and Ms= FL(S). An obvious extension of the concept of FL
projectability may be given as follows (see the appendix for notation).

Definition 2.4. (a) A function fs€ A°(S) (resp a p-form age A”(S)) is said to be FLg
projectable iff 3f5e A°%(Ms) such that FLifs=fs (resp Qase A*(Ms) such that
FLf{a§s=ag). A function fe A°(TQ) (resp a p-form a € A*(TQ)) is said to be weakly
FL projectable relative to S iff its specialisation in S is FLs projectable, i.e. 3f ¢
A’(T*Q) such that FLEj5*f =j%f (resp 3a’'e A’(T*Q) such that FLYjs*a’, = j%a).
(b) A vector field Xse Z(S) is said to be FLg projectable iff 3X e #(Ms) such
that FLg, Xs= X5 or, equivalently, iff 3IX5e&(Ms) such that X(FL¥f%) =
LY¥(XS(f5)), Vf5e A°(Ms), and then X 5= FLg, X. A vector field X € Z(TQ) is said
to be weakly FL projectable relative to S iff
(i) X e X (S) (¥ (S) denotes the set of vector fields of Z(TQ) which are tangent
to S, satisfying Js,Z(S) = & (S)|s), and
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(ii) the vector field Xge Z(S) such that js,Xs=X|s, is FLs projectable or,
equivalently, iff 3X'e ' (Ms) such that

JEX(FL*f)) = jEFL*(X'(f)) = FLENX'(f)) Vf e A%T*Q).

We will denote by A°(S)r., A(S) £ and Z(S) ¢, the sets of FLg-projectable functions,
p-forms and vector fields, respectively, and A%(TQ, ), A°(TQ, S)r. and Z(TQ, S) £,
the sets of those that are weakly FL projectable relative to S.

Some aspects to be pointed out are the following. First, the concept of FL
projectability is recovered as a particular case of the preceding one by making S = TQ.
Second, itis evident that Z(TQ, S) ¢, @ Z(TQ) g ~ X (S), whereas every FL-projectable
function or p-form is also weakly FL projectable relative to any S— TQ. Note that
the converse is not true because if fs€ A°(S)g. and fs € A°(TQ, S)f. is an extension
of fs in TQ, it suffices to take f=fc+A*{,, with £, € C%(TQ, S) and A* g A°(TQ)F,
arbitrary, to obtain a weakly FL-projectable but not FLg-projectable function. Finally,
notice that Z(S)g, is closed under the Lie bracket and

FLg, [ Xs1, Xs2]=[FLs4 Xs1, FLs, Xs) VXs1, Xs2€ Z(8)Fe.
Vector fields in TQ and T*Q can be classified as follows:

Z(TQ) Z(T*Q)

XeZ(TQ)p —

XeZ(TQ)s but X g(TQ, S)g, FL X e X (M;)but FL X & & (Mj)
XeZ(TQ)r and X e F(TQ, S)pr FL X e X (M;)and FL X € ¥ My)
_ X' e X (M)

In order to check the character of the tensorial objects in relation to their FLg
projectability and weakly FL projectability, we generalise theorem 2.3. Thus, taking
into account the comments in paragraphs (a) and (b) of the appendix, we claim the
following.

Theorem 2.5. Let S be a submanifold of TQ such that ker FL, ~Z'(S) # {0} (and
dim(ker FL, & (S)). = constant, Vx € TQ). Then

(i) the necessary and sufficient condition for f5 € A%(S)F, is that fs be 75 projectable,
i.e. Ts(fs)=0 (resp ase A’(S)p, © £(I's)as =0), VI'gseker FLg, . As a consequence,
feANTQ, S)r if and only if jE(I(f))=0 (resp a € A*(TQ, S) s L (T =0),
VI eker FL =ker FL, & (S)), and

(ii) the necessary and sufficient condition for Xs € Z(S)g, is that X be 7 project-
able, i.e. [I's, Xs]e ker FLgs,. As a consequence, if X € Z(TQ), X € Z(TQ, S)g, if and
only if X e &(S) and [I', X]eker FL,, VI e ker FL,. (Notice the particular case in
which ker FL, < #(S).)

Observe that, if ker FL, n &' (S) =0, then the projection 75 is the identity and every
object is FLs projectable (see the appendix).

Some important examples of FL-projectable objects are the Lagrange form «, and
the energy function E,, because w, = FL*Q and E; = FL*h, where Q€ A*(T*Q) is the
natural symplectic form in 7*Q and h e A°(T*Q) is the Hamiltonian function (which
always exists for almost regular Lagrangian systems [4]).
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3. On the FL projectability of distinguished vector fields in a submanifold S— TQ

If S is a submanifold of TQ, it is obvious that Mg = FL(S) is submanifold of My~ T, Q.
Then C(T*Q, M,)< C°(T*Q, M;). We call the elements of C°(T*Q, M,) primary
constraints and the rest of the elements of C°(T*Q, M) secondary constraints.

Now we shall introduce some notation based on [4, 8, 14]. Let (P, w) be a symplectic
or presymplectic manifold and j: S P a submanifold. Z(S)* denotes the set of vector
fields in P whose restrictions on § take values in the orthogonal complement TS* of
Ti(TS) in T(P), i.e.

Z(S) ' ={ZeZ(P)/j*i(Z)w =0}

If ws=jtw, ker wsec Z(P) is made up of the extensions in P of the vector fields
belonging to ker ws = Z(S), and we have ker ws = Z(S)* n ¥ (S). Putting these con-
cepts into the present context and taking into account that w; = FL*(), a simple
computation allows us to prove the following results.

Proposition 3.1. Let (TQ, w;, E;) be an almost regular system and js:S< TQ a
submanifold such that ker FL, n &'(S) # {0}. Then

(i) ker FL, < Z(S)*, in particular, ker FL, < ker w, = Z(TQ)*,

(ii) ker FL N Z(S) =ker w5 (with 0,5 = j¥w,), and

(iii) [ker FLg,, Z(S)"]< Z(S)".

Theorem 3.2. With the hypothesis of proposition 3.1 we have the following.
(i) There exists a local basis of Z(S)* which only contains FL-projectable vector
fields. Denoting this base by B(Z(S)* ~ Z(TQ)g.), we then have

FLB(Z(S)" nZ(TQ) kL) = B(Z(Ms)' N I (M,)).

(ii) There exists a local basis of ker @, s which only contains weakly FL-projectable
vector fields. Then we have

FL*B(kef @ s N Z(TQ, S)e.) = B(ker ws) (wls=j:9*n)-

Proof. (i) Consider the quotient manifold ¥,= TQ/ %% and its submanifold Efs =
S/ F3 (see ﬁgure 1) Since w, is FL projectable, a presymplectic form @, € A’ (9’0)
exists such that 7¥&, = w,. On the other hand, vXe Z(Fo), IX e Z(TQ)/ 105 X = X.
First, we shall prove that VX € 2(¥s)*, the corresponding X € Z(TQ) belongs to
Z(S)*. In fact, since 75 is a submersion we have

X e#(Fs) o j%i(X)o, =0=0=rtjti(X)é, = jirdi(X)é,
=j3i( X))o, & X e F(S)*

Second, if we denote by TF} the bundle spanned by the distribution ker FL,, taking
into account proposition 3.1(i) and remembering that the vector fields of #(S)* and
Z(¥s)* take values on the bundles TS* and T, respectively, one can prove that
TS*/TF( =T¥5. Therefore, Vxe S and V&, € ¥s, we have

dim TS =dim Ty,,¥s+dim(ker FL,),.

As a consequence, a local basis of Z(S)* is obtained from a corresponding one {X,}
of Z(¥s)*, taking a representative X, € #(TQ) of every class X, and adding a local
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basis {I',.} of ker FL,. Thus the desired local basis is (X,, I',). Finally, since &, and
Qs are dlﬁeomorphxsms (figure 1), VX e Z(¥s)* one has

FH(X)G,=00= 25" * j5i(X)é, = giD¥i(X)d, =j¢i(Z)Q
Z'e X(Ms)* (where Z' |M0=]0*QZO*XE%(T*Q)|MO)

and simultaneously Z'e & (M,;) because it is the image of an FL-projectable vector
field. In a similar way we can prove that, VZ'e (M) n & (M,), the vector field
X € Z(¥,) such that ji, Do, X = Z'|m, belongs to Z(Fs)*, and this concludes the proof
of (i).

(ii) Taking into account that kerw, s=&Z(S)'n&(¥) and Z(TQ,S)r >
Z(TQ)r n X (S), this assertion is a consequence of (i).

It is well known that, if (P, Q) is a symplectlc manifold and j: S— P is a submanifold,
the canonical isomorphism Q: Z(P)- A'(P) allows one to assocxate a vector field
X, e Z(S)* to every constraint { € C°(P, S) as follows: X, =7"(d{) is the solution
of d¢ = i(X;)Q. Conversely, there exists a local basis of Z(S)* made up of vector fields
of this kind. Then, and since X,(f)={f, {} (Poisson bracket) ¥Vf e A°(P), the splitting
in first and second class constraints [1] can be realised by studying whether or not
X, €% (S) [15,16]. As a consequence ) establishes an analogous correspondence
between ker wg and the set of first class constraints.

These considerations, together with theorem 3.2, leads us to the following con-
clusions.

(i) Since FL X € ¥(Ms)* n&(M,), VX belonging to the FL-projectable basis of
Z(S)*, we have that FL, X can be associated, by the canonical isomorphism in T*Q,
with constraints whose Poisson bracket with every primary constraint vanishes on M,.

(ii) Since FL, X € ker w§, VX belonging to the (weakly) FL-projectable basis of
ker w5, we have that FL,X can be associated with first class constraints on Mj.
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(i) In particular, ¥ X belonging to the FL-projectable basis of ker w;, FL, X can
be associated with first class primary constraints relative to M, and, consequently, the
second class ones have associated vector fields which do not have anti-images by FL
in Z(TQ) (since they are not tangent to My).

(iv) Inaddition, V¢ € C%(T*Q, Ms) such that X} e '(M,), we have that FL*{ =y €
C%TQ, S) (modulo primary constraints C°(T*Q, M,)), and so

dy =dFL*{ = FL* d{ = FL*i(X )Q = i(X +Dw, = i(X)w,

where X € #(S)*/FL,X = X and I'eker FL,.. Thus, an FL-projectable Lagrangian
constraint can be associated with vector fields of Z(TQ) which constitute a local basis
of Z(S)* (although w, is a degenerate form).

4. On the FL projectability of constraint functions

1t is evident that, given an FL-projectable constraint y € C°(TQ, S), a non- FL-project-
able equivalent constraint can be obtained by multiplying it by some non- FL-project-
able function f¢ A°(TQ)r.. Nevertheless, there are non-FL-projectable constraints
such that no FL-projectable equivalent constraint exists (see examples in [10]). These
last constraints will be called strictly non-FL-projectable constraints. According to
theorem 2.3 (i), one can prove that a necessary and sufficient condition for a non-FL-
projectable constraint x € C°(TQ, S) to be conversed in an equivalent FL-projectable
one is that a function fe A°(TQ) exists such that it is a solution of the system

ST+ xT.(f)=0 VI, eker FL, /T, (x)#0
I.(f)=0 VI, eker FL,/T,(x)=0.

The existence of strictly non-FL-projectable constraints is an intrinsic characteristic
of a submanifold, as we shall prove in this section. The conclusion we will arrive at
is that the presence of these constraints is equivalent to the fact that the submanifold
defined by them cuts the foliation %9 in such a manner that, on each leaf, it eliminates
as many degrees of freedom as the number of independent constraints of this kind
that we have. This assertion is proved in the following way.

Theorem 4.1. Let (TQ, w, E,) be an almost regular Lagrangian system and S— TQ
a submanifold. Then the number m, of independent strictly non-FL-projectable
constraints contained in any base of ¥ TQ, S) is equal to

m, =dim(ker FL,), —dim(ker FL.~ & (S)). Vxe S

i.e. the number of independent vector fields of ker FL, which are not tangent to S.

Proof. Let m=2n—dim S (2n=dim TQ = dim T*Q) and m,=dim(ker FL,),,Vxe S.
Consider the submanifold Mg = FL(S). According to the discussion in paragraph (b)
of the appendix, M is canonically identified with the quotient manifold S/ %3 (%;
being the foliation induced in S by ker FLg, or, equivalently, the part of ker FL,
tangent to S: ker FL,n & (S)). Therefore, one has

dim Mg =dim S —dim(ker FL,~Z(S)),=2n—m—my+m,.
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On the other hand, denoting by m' the number of independent secondary constraints
of C%(T*Q, Ms) and by m, the number of independent primary ones (proposition Al
in the appendix), we have

dim Mg =2n—my—-m’

and hence m, = m—m’'. But FL*(C°(T*Q, Ms)) =0 and, since FL(S) = Mg, m’ is also
the number of independent FL-projectable Lagrangian constraints of C°(TQ, S).
Consequently m, is the number of independent strictly non- FL-projectable ones.

Itis clear, after this theorem, that m; < m,. Note thatinthe case whenker FL, N & (S) =
{0} we have C*(TQ, S) " A°(TQ) ¢ = .

Another consequence of this theorem is that we can choose a basis of C%(TQ, S),
(X.> X.), and a local basis of ker FL, (", T} (u=1,...,m,u'=1,...,m—m,) in
such a manner that

F/.L(XV)=0 Fu(/\/p.')=0 vXp.’X/.L'; VFy.
I_‘;J.'(Xv):o det(ry.‘(Xv))x;éO VXV’ Xu"vr/.l.'

and we assume that the last inequality is verified ¥x € S. Therefore, it is evident that
F,eker FL,nZ(S), but I', € &(S). Then a relation between the set of first class
primary constraints (with respect to Ms) and the set of vector fields of ker FL, which
are not tangent to S can be established. This relation also extends to the set of strictly
non- FL-projectable constraints (see [7]).

An immediate corollary of the last proposition is the following theorem.

Theorem 4.2. With the hypothesis of theorem 4.1, ker FL, < &' (S) if and only if no
base of C°(TQ, S) contains strictly non- FL-projectable constraints.

The preceding results suggest to us a way of characterising the properties of FL
projectability of a submanifold S— TQ. We can assign a number to every S, which
indicates the maximal number of independent FL-projectable constraints of a base of
C°%(TQ, S). According to theorem 4.1, we can define this number geometrically as

Ys=dim TQ —dim S ~dim(ker FL, ~ & (S)),
=dim T,(TQ) —dim T.,S —dim(ker FL,~ & (S)), ¥xes.

It is obvious that, given two submanifolds S— S'< TQ, then FL(S)= FL(S’) if
and only if Y=Y and, if /=dim §’'~dim S, this is equivalent to demanding that

I =dim(ker FL, n % (S")), —dim(ker FL, n % (S)), VxeS.

S. FL projectability and the constraint algorithms

It is well known that, when we ask for the existence of consistent solutions of the
equations of motion in the case of degenerate Lagrangians (i.e. solutions which are
tangent to the submanifold where these equations are compatible), in the general case
a sequence of submanifolds TQ « S, « S,« ... « S; is originated. The submanifold
Sy where this sequence stabilises is called the final constraint submanifold. The same
occurs in the Hamiltonian formalism: T*Qe Mye M« M,«< ...« M, (see
[1,4,6,7]) and, for almost regular Lagrangian systems, one has M, = FL(S,), Vk.
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In the Lagrangian formalism we can distinguish two kinds of algorithms: the one
taking as starting point the dynamical equations (1) without any other additional
condition (called the presymplectic constraint algorithm (pca) [3]), and the one which
takes equations (1) together with the condition that their solutions be second-order
differential equations (sopE) [8], i.e. the Euler-Lagrange equations {7]. In each case,
the corresponding sequences of submanifolds are not the same. Indeed, in the first
case we have the following.

Theorem 5.1. Let (TQ, w,, E,) be an almost regular Lagrangian system. Then, if
P, — TQ is a submanifold of the sequence obtained from the pca we have that

(i) there exists a basis of C°(TQ, P,) made up of FL-projectable constraints whose
FL projection constitutes a basis of C%(M,, M,); and

(ii) ker FL <= & (Py).

Proof. For (i) see [4]. For (ii), an explicit proof is given in [5], although in this context
it is a direct consequence of (i) and theorem 4.2.

On the other hand, the submanifolds obtained from the application of the algorithm
for the Euler-Lagrange equations are locally defined, in general, by FL-projectable
and strictly non- FL-projectable constraints [7]. Then, for any level k in both algorithms,
we have Yp, =Y, and therefore FL(P,) = FL(S,) = M,.

6. Conclusions

Summing up, the following remarks can be made.

(i) Starting from the usual concept of projectability by the application FL, a new
weaker concept can be introduced when submanifolds of TQ and their images under
FL have been considered. In the same way as the necessary and sufficient condition
for the FL projectability of vector fields and p-forms is checked by studying their
behaviour under the action of ker FL,, the necessary and sufficient condition for
weakly FL projectability is tested by the part of ker FL, which is tangent to the
corresponding submanifold.

(i1) Typical vector fields characterising submanifolds of TQ are considered. The
existence of local bases made up of FL-projectable or weakly FL-projectable vector
fields (when they are tangent) is proved.

(iii) The presence of strictly non-FL-projectabie constraints in any basis of
C°(TQ, S) is associated with the existence of vector fields belonging to the non-tangent
part of ker FL, . This allows one to label every submanifold with a number intrinsically
defined, which informs us about the FL projectability of the constraints locally
defining S.

(iv) Lagrangian constraint algorithms have been analysed. The relation between
the existence of strictly non- FL-projectable constraints and the sope condition becomes
clear and, hence, it can be concluded that restrictions arising from the dynamical
consistency of the equations of motion could lead to the elimination of degrees of
freedom in TQ, but preserving the foliation F{, whereas restrictions imposed by the
soDE condition could eliminate degrees of freedom on the leaves of ¢ (see [4, 6]).
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Appendix. The distribution ker FL,

Let us study some properties of the set ker FL,. First, it is interesting to remark that
ker FL, < Z(TQ)" (vertical fields of Z(TQ)). In particular, ker FL, = Z(TQ)" nker o,
[4, 6].

Ker FL, is an involutive distribution and hence the Frobenius theorem ensures the
existence of a regular foliation #| of TQ generated by ker FL, [5], in such a manner
that all the points located on the same leaf #°c %% (and only these ones) have the same
image under FL, i.e. the fibres FL™'(FL(x)), Vx € TQ, are the leaves of this foliation.
This means that, given any point x,€ TQ, all the points having the same image by FL
can be reached starting from it through the flux of the vector fields belonging to ker FL,.

Let .= TQ/ %,° be the quotient space. Although the theory of reduction does not
ensure that it is a manifold, the hypothesis that (TQ, w,, E;) is an almost regular
Lagrangian system suffices to claim that %, is a manifold [5] and that the projection
70: TQ - &, is a submersion. Therefore, ¥, and M, can be canonically identified by
means of a diffeomorphism @,: ¥;,-> M, (see figure 1). Then we have the following.

Proposition Al. The number of independent vector fields of ker FL, is equal to
2n—dim M, (the number of independent primary constraints).

Proof. Immediate, because dim M, =dim TQ —dim(ker FL,),, Vxe TQ.

Let js: S TQ be a submanifold and Mg = FL(S) with the embedding js: Ms— T*Q.
Let us introduce the map FLs:S - M, implicitly defined by FLjs=j5,FLg, which is
a submersion if FL is. We will distinguish two cases.

(a) ker FL % (S)=ker FL,. Since ker FL, is an involutive distribution, we can
state that ker FL,|s gives rise to a regular foliation %3 of S. Then the vector fields
Tse Z(S)/jsyI's =T|s e ker FL,|s are the elements of ker FLg,. The quotient space
Fs=S/F: is a submanifold of ¥,, whose structure is inherited from the one of %o
[5]. It is isomorphically equivalent to M (see figure 1) and the projection 75: S~ %
is a submersion. This means that S is made up of the union of a subset of complete
leaves of the foliation F{ of TQ. Furthermore, all the points of S located on the same
leaf #°e F{ (and only these ones) have the same image by FL (or FLg).

(b) ker FL N % (S)# ker FL,. With dim(ker FL,~ & (S)),=m,, ¥xe TQ. In
this case, ker FL, is made up of two kinds of fields: Te &'(S) and I ¢ Z(S). Thus
we have the following.

Proposition A2. The set {T's}c &(S)/jsuF's=T|s, VI eker FL,~ %(S), makes up
ker FLs, . Consequently, ker FLg, is an involutive distribution.

Proof. Consider an extension ker FLs, = Z(TQ) of ker FLg,. Then VI €ker FLs,,
3'1"5 € ker FLS*/jS*FS = FIS, and

FL*F|S=FL*jS*FS =j_,9*FLs*rs=0 VFISEker FL*S.
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Conversely, YT e ker FL, N &(S), 3!Ts€ #(S)/jsx's =T|s and so
0= FL*FIS = FL*]S*FS =jfg*FLs*rs<:> FLS*FS =0 Vrs € ker FLS*

whence we conclude js,(ker FLg,) = (ker FL, N Z(S))|s.

We realise that S is not made up of a subset of complete leaves of # (as in the
present case) but if we denote by £° the leaves of the foliation %1 induced by ker FLg,
in S, we have £°=%°nS. Here {¥"} is a subset of leaves of F7 whose union is a
submanifold P— TQ having the properties S— P and Ms= FL(S)= FL(P). Once
again, only the points of S located on the same leaf have the same image by FL (or
FL). The quotient space S/} = ¥s is a submanifold of &, isomorphically equivalent
to Mg, and the projection 75:S > %5 is a submersion (see figure 1).

References

(1] Dirac P A M 1964 Lectures on Quantum Mechanics (New York: Yeshiva University)
2] Hanson A J, Regge T and Teitelboim C 1976 Constrained Hamiltonian Systems (Rome: Acad. Nazionale
dei Lincei)
[3] Gotay M J, Nester J and Hinds G 1978 J. Math. Phys. 19 2388
[4] Gotay M J and Nester J 1977 Ann. Inst. H Poincaré A 30 129
{51 Gotay M J and Nester J 1980 Ann. Inst. H Poincaré A 32 1
[6] Marmo G, Mukunda N and Samuel J 1983 Riv. Nuovo Cimento 6 1
[71 Batlle C, Gomis J, Pons J M and Roman-Roy N 1986 J. Math. Phys. 27 2953, 1987 Lett. Math. Phys.
13 17
{8] Abraham R and Marsden J E 1978 Foundation of Mechanics (Reading, MA: Benjamin-Cummings)
[9] Schafir R L 1982 J. Phys. A: Math. Gen. 15 L331
[10] Carifiena J F, Lopez C and Roman-Roy N 1986 Preprint Zaragoza University; 1987 Preprint DFTUZ
87/1
[11] Crampin M 1983 J. Phys. A: Math. Gen. 16 3755
[12] Godbillon C 1969 Géometrie Differentielle et Mécanique Analytique {Paris: Hermann)
[13] Marmo G, Saletan E J and Simoni A 1979 Nuovo Cimento B 50 21; 1983 Proc. Geometry and Physics
ed M Modueno (Firenze) p 167
[14] Weinstein A 1977 Lectures on Symplectic Manifolds. CBMS Regional Conf. Ser. Math. vol 29 p 237
[15] Lichnerowicz A 1975 C.R. Acad. Sci., Paris A 289 523
[16] Menzio M R and Tulczyjew W M 1978 Ann. Inst. H Poincaré A 38 23



